A quantum circuit rule for combining quantum interference (QI) effects in the conductive properties of oligo(phenyleneethynylene) (OPE)-type molecules possessing three aromatic rings was investigated both experimentally and theoretically. Molecules were of the type X-Y-X, where X represents pyridyl anchors with para (p), meta (m) or ortho (o) connectivities and Y represents a phenyl ring with p and m connectivities. The conductances G XmX (G XpX ) of molecules of the form X-m-X (X-p-X), with meta (para) connections in the central ring were predominantly lower (higher), irrespective of the meta, para, or ortho nature of the anchor groups X, demonstrating that conductance is dominated by the nature of QI in the central ring Y. The single-molecule conductances were found to satisfy the quantum circuit rule / = / .
Studies of the electrical conductance of single molecules attached to metallic electrodes not only probe the fundamentals of quantum transport, but also provide the knowledge needed to develop future molecular-scale devices and functioning circuits. [1] [2] [3] [4] [5] [6] [7] [8] [9] Due to their small size (on the scale of angstroms) and the large energy gaps (on the scale of eV) transport through single molecules can remain phase coherent even at room temperature and constructive or destructive quantum interference (QI) can be utilized to manipulate their room-temperature electrical [10] [11] [12] [13] and thermoelectrical 14, 15 properties. In previous studies, it was reported theoretically and experimentally that the conductance of a phenyl ring with meta (m) connectivity is lower than the isomer with para (p) connectivity by several orders of magnitude. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] This arises because partial de Broglie waves traversing different paths through the ring are perfectly out of phase leading to destructive QI in the case of meta coupling, while for para or ortho coupling they are perfectly in phase and exhibit constructive QI. (See eg equ. 8 of ref 26 .) It is therefore natural to investigate how QI in molecules with multiple aromatic rings can be utilized in the design of more complicated networks of interference-controlled molecular units.
The basic unit for studying QI in single molecules is the phenyl ring, with thiol, 17,21 methyl thioether, 27 amine, 17 or cyanide 19 anchors directly connecting the aromatic ring to gold electrodes. Recently, Arroyo et al. 28 ,29 studied the effect of QI in a central phenyl ring by varying the coupling to various anchor groups, including two variants of thienyl anchors. However, the relative importance of QI in central rings compared with QI in anchor groups has not been studied systematically, because the thienyl anchors of Arroyo et al were 5-membered rings, which exhibit only constructive interference. To study the relative effect of QI in anchors, we examined molecules with terminal groups formed from six-membered pyridyl rings for which constructive and destructive interference is possible. We have previously reported that pyridyl rings are excellent anchor groups for attaching single-molecules to metallic electrodes, because of their well-defined binding geometry, 30 in which the nitrogen plays the role of the anchoring site. The ability to substitute pyridine either para (p), meta (m) or ortho (o) to the nitrogen offers the possibility of systematically investigating the relative importance of QI in this anchor group in molecules of the type X-Y-X, where X is a pyridyl ring and Y is a central phenyl ring. This question is rather subtle, because charge transport from the electrode into the pyridyl rings takes place via the N atom and via metal-π coupling 31 and the interplay between these two mechanisms will determine the importance and robustness of QI in the terminal 32 rings. In the present paper, our aim is to compare the effects of QI in both the terminal rings X and central ring Y of molecules of the type X-Y-X and to study the relationship between their conductances. Our results were found to satisfy the quantum circuit rule / = / which demonstrates that the contribution to the conductance from the central ring is independent of the para versus meta nature of the anchor groups.
Combinatorial rules for QI in molecules with other geometries, including fused rings or rings connected in parallel are discussed in refs. [33] [34] [35] [36] We studied the pyridyl-terminated OPE derivatives shown in Figure 1 , which possess a variety of connectivities of the central ring and locations of the nitrogen in the anchor units. In group 1 the central unit Y is a phenyl ring with para connectivity, whereas the central ring of group 2 has meta connectivity. The anchor units X are pyridyl rings with their nitrogens located in either meta, ortho or para positions.
Figure 1 | The molecular structures studied in this paper. These are divided into two groups, based on the presence of a para (group 1) or meta (group 2) central phenyl ring.
RESULTS

Break-junction experiments.
Charge transport characteristics of single-molecule junctions formed from the molecules in Figure   1 were investigated using both the mechanically-controllable-break-junction (MCBJ) and scanning-tunneling-microscopy-breakjunction (STM-BJ) techniques, as reported elsewhere. 6, 30, 37, 38 NMR spectra for these molecules and details of synthesis are Figure 2C ) and locations of the nitrogen in the anchor units ( Figure 2D ), while para connection in both central and terminal rings show the highest conductance in both cases. The statistically-mostprobable conductance values were obtained by fitting Gaussians to the maxima in the conductance histograms. Our key results are summarized in Table 1 . In anticipation of the theoretical discussion below, it is interesting to note that to within experimental error, log(G ppp /G 0 ) + log(G mmm /G 0 ) (ie -4.5 -6.9) is equal to log(G pmp /G 0 ) + log(G mpm /G 0 ) (ie -5.5 -6.0), which suggests that the product of the conductances for p-p-p and m-m-m molecules is equal to the product of conductances for p-m-p and m-p-m molecules and the quantum circuit rule / = / is satisfied.
Further statistical analysis of conductance versus Δz curves provides information about the junction formation probability (JFP) and allows us to determine the most probable relative electrode displacement (Δz H *) at the end of the high conductance plateaus. hidden from the electrode surfaces and therefore difficult to form a bridge between the two gold electrodes 40 . Our inability to measure the conductance of o-m-o is explained by its short N---N length and the expected low conductance, which falls below the direct tunneling conductance (Supplementary note 3 and Supplementary Figure 13 ). The G 0 , which is lower than that obtained using the STM-BJ. We also note that the width of the conductance peak in the 1D histogram from MCBJ measurements is bigger than that from the STM-BJ. This is associated with the different stretching of the molecular junctions during their formation using the two techniques, as verified by the 2D conductance properties (See SI).
Nevertheless, compared to the STM-BJ results, the peak value from Gaussian fitting to MCBJ measurements is lower. These results suggest that a wider variety of configurations were formed between the molecule and electrodes during junction stretching in MCBJ measurements, because of the higher stability, while some of the molecular configurations, especially the fully- To elucidate the measured conductance trends we performed a density functional theory (DFT) based optimization of each molecule using SIESTA 42, 43 and carried out electron transport calculations using the approach discussed in our previous papers 39, 44 . Unlike the p-p-p molecule, the other molecules possess anchoring nitrogen atoms located at meta or ortho positions within the terminal rings, which do not naturally bind to planar electrode surfaces. To study the transport properties of these molecules, we attached the anchor nitrogen atoms to the apexes of pyramidal gold electrodes, as shown in Figure 3 , Figure 4 and in Supplementary Note 5, Supplementary Figure 14 . The molecules shown in these figures have been geometrically relaxed using SIESTA and it is clear that many of these geometries, such as the ma-m-ma conformation in Figure 3 , would not tend to form a bridge between two opposing pyramids. We also note that molecular lengths (L), defined as the distance between the centers of the furthest non-hydrogen atoms in the molecule, are the same for these different conformations, whereas the N---N distance, which is the distance between the centers of the N atoms, does vary. Therefore, in Table 1 This structure is an example of three arbitrary coupled quantum objects shown schematically in Figure 6a , whose Green's function is given by
Electron propagation from sub-system A to sub-system C is described by the block , for which the above equation yields
.As an example, for the tight binding model of Figure 6b , this becomes = ( ) ( ) , where
The crucial point is that does not depend on the choice of p, q, i, j, because due to rotational symmetry, ( ) and ( ) are independent of j and p for any choice of j and p. This means that does not depend on the choice of meta, ortho or para coupling for rings A and C and only depends on the connectivity of ring B. When the rings A and C are coupled to the electrodes, this rotational symmetry is broken slightly. However, provided E F lies in the HOMO-LUMO gap of A and C and the coupling to the electrodes is small, (as is usually the case for molecules attached to gold electrodes, where the level broadening is much less than the level spacing) then the symmetry breaking is weak 26 . Since the electrical conductance is proportional to | | 2 this means that the electrical conductance G XYZ /G 0 of molecules of the type X-Y-Z is proportional to a product of the form × × and hence the quantum circuit rule is satisfied. The factors , , are contributions to the overall conductance from the separate rings, but it should be noted that they are not themselves individually-measureable conductances. The above analysis can be easily applied to a molecule with two rings yield the circuit rule = 2 , where the and are the conductances of the molecule with para-para and meta-meta connected rings, and is the conductance of the molecule with meta and para rings (see SI for a DFT confirmation of this rule).
To check the experimental validity of the circuit rule (1) for the OPEs of Figure 1 , we examine the measured conductance values presented in Table 1 . For example, rearranging equation (1) The qualitative relationship between the conductances agrees well with the simple quantum interference picture of molecular conduction. It has been reported that destructive QI exists in benzene with the meta connectivity and is responsible for the observed reduction of conductance 16, 20, 28 , whereas for para and ortho connectivities, constructive QI should be observed 46, 47 . The transmission coefficient calculations through junctions where the metal-ring connection is artificially blocked ( Figure 5 ) show that the artificially-coupled pyridyl ring exhibits similar behaviour to the benzene ring, with destructive QI in the case of the meta coupling significantly reducing the conductance compared with para and ortho connectivities. The dashed curves in the bottom panel in Figure 5 clearly demonstrate that when the conduction is through only the nitrogen atoms, the conductance of the meta isomer is much lower than in the para and ortho isomers. More realistically however, in the presence of metal-ring overlap, the effect of varying the positions of the nitrogens in the anchors becomes much weaker and as demonstrated by Figure 4 , the major changes in the molecular conductance are caused by the variations in the connectivity of the central ring. The dominant influence of the central ring is accounted for by the fact that the central ring is not in direct contact with electrodes and therefore no parallel conductance paths are present, which could bypass the ethynylene connections to the anchors.
In a sub-nanometer scale molecular circuit, as in standard CMOS circuitry, electrical insulation is of crucial importance.
Destructive interference in a 2-terminal device may not be desirable, because of the lower conductance. However for a threeterminal device minimizing the conductance of the third terminal is highly desirable, because the third (gate) electrode should be placed as close to the molecule as possible, but at the same time, there should be no leakage current between the molecule and gate. One way of achieving this may be to use an anchor group with built in destructive interference. Therefore destructive QI may be a vital ingredient in the design of future 3-terminal molecular devices and more complicated networks of interferencecontrolled molecular units. 
METHODS
STM-BJ.
The STM-BJ technique repeatedly traps molecules between a sharp STM tip and an atomically flat sample.
The STM-BJ measurements were carried out with a Molecular Imaging PicoSPM housed in an all-glass argon-filled chamber and equipped with a dual preamplifier capable of recording currents in a wide range of 1 pA to 150 μA with high resolution. The nonamplified low-current signal was fed back to the STM controller preserving the STM imaging capability. The current-distance measurements were performed with a separate, lab-build analog ramp unit. For further technical details we refer to our previous work 49, 50 .
The sample electrode was gold single crystal bead. The Au (111) facet prior to each experiment was subjected to electrochemical polishing and annealing in a hydrogen flame followed by cooling under Ar. A freshly prepared solution containing typically 0.1 mM of the respective molecule was added to a Kel-F flow-through liquid cell mounted on top of the sample and the uncoated STM tip was electrochemically etched using gold wire (Goodfellow, 99.999%, 0.25 mm diameter) capable of imaging with atomic resolution. This system relies on trapping a molecule between the end of an Au tip and the gold substrate.
After assembling the experiment, the following protocols were applied: The tip was brought to a preset tunneling position typically defined by i T = 50 to 100 pA and a bias voltage V bias = 0.10, 0.065, and 0.175 V, followed by imaging the substrate.
After fixing the lateral position of the tip, the STM feedback is switched off and current-distance measurements were performed and then the vertical movement of the tip controlled by the ramp unit. The measuring cycle was performed in the following way:
The controlling software drives the tip towards the adsorbate-modified surface. The approach was stopped until a predefined upper current limit was reached (typically 10 μA or < 10 G 0 with G 0 being the fundamental conductance quantum 77.5 μS). After a short delay (~100 ms) ensuring tip relaxation and the formation of stable contacts, the tip was retracted by 2 to 5 nm until a low current limit of ~10 pA was reached. The approaching and withdrawing rates were varied from 56 to145 nm/s. The entire current- experiments and during the junction elongation typically the gap between the electrodes is shorter than the molecular length. We constructed another set of idealized junction geometries where the gold pyramid is attached to rings from the side, perpendicular to the ring. These junction geometries are shown in Figure 4 . For transport calculation the 4-atom gold pyramids that are seen in Figure 4 are extended to a 35-atom gold pyramid. Tranmission coefficients were computed using the GOLLUM code 51 .
In break-junction experiments more complicated structures are expected. For this reason we also carried out BJ simulations using the approach discussed in our previous papers 39, 44 . The geometrically-optimized molecules were inserted between two opposing 35 atom (111) directed pyramids with four different tip separations (The tip separation is defined to be the center to center distance between the apex atoms of the two opposing pyramids). In the initial geometries, the molecules were shifted slightly towards one of the pyramids and the initial Au-N distances were around 2.5 Å. Then the constructed structure was geometrically relaxed such that the base layers of the pyramids were kept fixed during the optimizations. Optimized junction geometries are shown in Supplementary Figures 16-17 .
To produce conductance-trace curves in Supplementary Figure 18 , the transmission coefficient T(E) was calculated for each relaxed junction geometry, by first obtaining the corresponding Hamiltonian and overlap matrices with SIESTA and DZP basis set. The transmission coefficient for all junction geometry in this study was calculated using wide-band electrodes with Γ = 4.0 eV . The wide-band electrodes were coupled to the two base layers of gold atoms of the 35-atom pyramids. A few additional transmission coefficient functions can be seen in Supplementary Figure 15 . To produce conductance-trace curves, the transmission coefficient T(E) was calculated for each relaxed junction geometry and the conductance G/G 0 = T(E F ) was obtained by evaluating T(E) at the Fermi energy E F . A value of E F = -0.65 eV, relative to the bare DFT Fermi energy (E F DFT ) was chosen to account for the expected LUMO level shift, as discussed in ref 39 , where the Fermi energy shift was adjusted to match measured and computed conductance for the pyridine terminated oligoynes molecules. All reactions were conducted under a blanket of argon which was dried by passage through a column of phosphorus pentoxide.
Synthesis
All commercial chemicals were used without further purification. Anhydrous solvents were dried through an HPLC column on an Innovative Technology Inc. solvent purification system. Column chromatography was carried out using 40-60 μm mesh silica (Fluorochem). NMR spectra were recorded on: Bruker Avance-400, Varian VNMRS-600, VNMRS-700 and Varian Inova 500 spectrometers. Chemical shifts are reported in ppm relative to tetramethylsilane (0.00 ppm). Melting points were determined in open-ended capillaries using a Stuart Scientific SMP40 melting point apparatus at a ramping rate of 2 °C/min. Mass spectra were measured on a Waters Xevo OTofMS with an ASAP probe. Electron ionisation (EI) mass spectra were recorded on a Thermoquest Trace or a Thermo-Finnigan DSQ. The solvent was removed by vacuum evaporation and the product was purified by column chromatography using the eluent stated. Table 1 ) is ~10 -6 G 0 , which is slightly higher than the expected conductance of the o-m-o single-molecule junction (which is expected to be ~10 -6.5 G 0 ).
General Procedure for Sonogashira
In this case, the expected molecular conductance plateau (blue line) will be completely covered by direct tunneling conductance, to the extent that the conductance peak cannot appear in the conductance histogram.
A similar phenomenon was also observed and discussed in a previous study 3 , and the case of om-o can be considered as an exception in the break junction measurement.
Supplementary Note 4 Differences between MCBJ and STM-BJ results
In this section, we comment on differences which can arise between MCBJ and STM-BJ measurements. After establishing the MCBJ and STM-BJ set-ups in Bern, we have carried three molecular system studies of tolane, oligophenylene and oligoyne with different anchoring groups to compare the results from MCBJ and STM-BJ technique [4] [5] [6] . In most cases, the two techniques showed nice agreement, but sometimes give slightly different results. Differences in the measurements using MCBJ and STM-BJ techniques can arise from:
1. The sensitivity of current measurement: for our MCBJ set-up, we construct a highly sensitive log-amplifier that we can measure current down to 10 fA range. Benefiting from this advantage, as shown in the 1D and 2D conductance histograms, in MCBJ we can observe low-conductance features in most cases, while in our STM-BJ measurements this feature is covered by noise of the linear amplifier around 1 pA.
2. Mechanical stability: MCBJ technique is expected to provide higher mechanical stability than STM-BJ technique. The mechanical stability may partially influence the dynamics of molecules between the two gold-electrodes, which may lead to some minor conductance difference, especially for molecules with relative weak binding.
3. Stretching rate: due to the different current amplifier design on our STM-BJ and MCBJ and different mechanical stability, we applied different stretching rates for our STM-BJ at ~60 nm/s and MCBJ at ~5 nm/s. The relative slow rate of MCBJ experiment is to take advantage of good mechanical stability and to follow the relative slow response of the log-amplifier in fA current region. The stretching rate difference may also lead to some slight change in the junction behaviors. channel is not always evident, because it may be masked by parallel sigma-like channels 7, 8 . Figure S18 shows that for any given value of z the or z H *, both the theoretical and experimental conductances of the molecules in group 1 are distinctly higher than those of the molecules in group 2. Supplementary Figure S18 also shows that for many values of z the (in the electrode separation range 1.0 nm<z the <1.4 nm) the theoretical conductances of molecules within group 1 are rather similar and therefore we conclude that QI in the central ring is more important than QI in the anchors. For molecules in group 2, the theoretical conductance for m-m-m is larger than for p-m-p, which is in the reverse order of the experimental most probable high conductance values. The latter artifact is attributed to unrealistically-large metal-ring coupling in the m-m-m simulated optimized junction geometries that will rarely occur in room temperature environments.
Supplementary Note 7 Phase averaging in an ensemble of measurements
Since the experimental conductance values are of statistical origin, a product rule for ensemble averaged conductances can arise due to inter-ring phase averaging. To illustrate this point, consider two quantum scatterers (labelled 1 and 2) in series, whose transmission and reflection coefficients are T 1 , T 2 and R 1 , R 2 respectively. It can be shown that the total transmission coefficient for the scatterers in series is = , where φ is a quantum phase arising from QI between the scatterers 9, 43 . We note that the experimental quoted conductance is identified with the most probable value of log , where G t is the conductance of the terminal pyridyl ring and G c is the conductance of the central phenyl ring. In the absence of inter-ring QI, the above expression implies that the 'quantum circuit rule' is satisfied.
Supplementary Note 8 A circuit rule for two rings.
For further demonstrate the generality of the product rule we performed DFT based transport calculations (with the exact same methodology as gave the result in Figure 4 ) for two pyridyl ring systems with para and meta connections. The structures of three molecules studied are shown in Supplementary Figure S19 . The theoretical derivation above implies that for two rings
Where the and are the conductances of para-para and meta-meta pyridyl rings, and is the conductance of the molecule for meta and para pyridyl rings. Supplementary Figure S20 demonstrates that the product rule is satisfied for a wide range of energies (the dotted curves match).
Supplementary note 9 Decoherence in a fully-coherent theory
It may seem surprising that phase averaging can lead to decoherence, even though the theory describing transport is fully phase coherent. Decoherence is perfectly reconciled with the calculations in Figure 4 and Figure 5 , because although individual electrons remain phase coherent over the whole molecule, a restricted form of decoherence can arise in the ensemble averages of transport properties. This is important, because all break-junction experiments involve averages over large ensembles in a single measurement and the typical conductance associated with a compound is the most occurred value of log(G/G_0) for several measurements.
For a complete discussion we show a possibility that our conductance product rule could arise from not only the intrinsic electronic properties of the individual molecules, but from the statistical origin of the experimental conductance values. We have modified the manuscript such that this argument now is clear.
Perhaps our discussion can be made clearer through an analogy. In the NMR literature, the phrase 'decoherence' is often used to describe two distinct phenomena, which are assigned "T1"
and "T2" coherence times. The latter does not require inelastic scattering and arises when spins within an ensemble precess in the plane perpendicular to the applied magnetic field with slightly different frequencies. Consequently, even in the absence of inelastic process and even though individual spins remain coherent, the ensemble of spins eventually loses coherence. In contrast T1 processes involve spin flips. These are inelastic processes and provide a second source of decoherence. In our work, all transport is elastic and individual electrons remain perfectly coherent. Nevertheless for an ensemble of measurements on such electrons, decoherence in average values can arise from random elastic scattering, just as decoherence in NMR experiments arises from 'T2' processes.
